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Hamiltonian domain wall fermions at strong coupling
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We apply strong-coupling perturbation theory to gauge theories containing domain-wall fermions in
Shamir’s surface version. We construct the effective Hamiltonian for the color-singlet degrees of freedom that
constitute the low-lying spectrum at strong coupling. We show that the effective theory is identical to that
derived from naive, doubled fermions with a mass term, and hence that domain-wall fermions at strong
coupling suffer both doubling and explicit breaking of chiral symmetry. Since we employ a continuous fifth
dimension whose extent tends to infinity, our result applies to overlap fermions as well.

PACS number~s!: 11.15.Ha, 11.15.Me, 11.30.Rd
v
et
u-
ya
b-
r

e
ira
a

i-
a

ir’
s

nd
nd

n
fu

lt
er
ug

f
ft
on
g
n
a

or
g
ic
e

e
s

-
h

by

tive
s
his
il-

s is
ere
eter

m-
we

t
ion
in

is
nd

ins
eo-
on-
of

at
-
nd
on.
-
e

n
ing
rm
st-
I. INTRODUCTION

For a quarter of a century, users of lattice fermions ha
been forced to choose between the Scylla of chiral symm
violation @1# and the Charybdis of uncontrolled flavor do
bling @2#. The constraints imposed by the Nielsen-Ninomi
theorem@3# imply that attempts to circumvent these pro
lems must avoid its assumptions. An avenue pursued in
cent years is that of employing a large number~tending to
infinity! of fermion flavors, one of which survives in th
continuum limit as a massless fermion supporting a ch
symmetry group. One route down this avenue is that of K
plan @4#, who introduced a fifth dimension with its concom
tant excitations, one of which is kept at low energy by
defect in a background field. We here focus on Sham
variant @5# of domain wall fermions, sometimes known a
surface fermions. The much-studied overlap fermions@6# are
equivalent to this formulation in the limit that the size a
lattice spacing of the fifth dimension are taken to infinity a
zero, respectively@7,8#.

The domain wall formulation has been shown to yield a
desired number of undoubled, massless fermions with
chiral symmetry—when the fermions are free. Shamir@5#
proved that exact chiral symmetry—as evidenced by mu
plicative mass renormalization—survives to all orders in p
turbation theory when the fermions are coupled to ga
fields. A non-perturbativeproof of the axial Ward identities
was given by Furman and Shamir@9#. The suppression o
symmetry-breaking terms requires that the length of the fi
dimension be taken to infinity. Monte Carlo calculations
finite lattices@10#, however, indicate a pattern of increasin
violation of chiral symmetry as the coupling is made stro
ger. This leads us to seek analytical knowledge of the beh
ior of domain wall fermions at strong coupling.

In this paper we develop a Hamiltonian formalism f
domain wall fermions and analyze it in the limit of stron
gauge coupling. Strong coupling analysis is natural in latt
gauge theory and, indeed, was seen immediately as on
the advantages of a non-perturbative cutoff procedure@11#.
In the Hamiltonian version, strong-coupling analysis tak
the form of Rayleigh-Schro¨dinger perturbation theory. It wa
0556-2821/2000/61~11!/114511~11!/$15.00 61 1145
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first applied@12# to fermions in the newly invented Hamil
tonian lattice gauge theory in its original formulation, whic
employed what came to be known as staggered fermions@2#.
The method was subsequently applied to Wilson fermions
Smit @13# and to naive and long-range@14# fermions by the
SLAC group@15# ~see also@16#!.

Degenerate perturbation theory leads to an effec
Hamiltonian Heff that acts among the low-lying, fluxles
states. The advantage of the Hamiltonian formulation in t
regard is that much may be learned from the effective Ham
tonian even if one makes no attempt to diagonalize it. Thi
in contrast with Euclidean strong coupling methods, wh
some additional approximation such as a hopping param
expansion, mean field theory, or a large-Nc limit must be
applied. We note a recent study@17# of overlap fermions in
the Euclidean strong-coupling theory with a hopping para
eter expansion, which does not uncover the features
present below.

In all cases,Heff takes the form of an antiferromagne
possessing the global symmetry of the underlying ferm
formulation. For Wilson fermions, there is no symmetry
the single-flavor case; for Kogut-Susskind fermions, there
at least a discrete chiral-spin-flavor symmetry. For naive a
SLAC fermions, the symmetry is continuous and conta
axial generators, which makes it unfortunate that these th
ries must be rejected on the grounds of doubling and n
locality @18#, respectively. Nevertheless, it is the analysis
these theories in@15# that will guide us through our work on
domain wall fermions.

Domain wall fermions, like the Wilson fermions from
which they are constructed, begin with no axial symmetry
all. When the sizeL of the fifth dimension is taken to infin
ity, its low-lying modes become topological zero modes a
turn into the chiral components of a massless Dirac fermi
Thus one may expect thatHeff will possess no axial symme
tries untilL→`, and then the desired axial symmetry will b
restored. Surprisingly, we find that in theL→` limit Heff

has too muchsymmetry. The effective theory is that of a
antiferromagnet in a staggered magnetic field. In calculat
the site-site couplings in the Hamiltonian, the Wilson te
quickly drops out and leaves us with the naive neare
©2000 The American Physical Society11-1
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RICHARD C. BROWER AND BENJAMIN SVETITSKY PHYSICAL REVIEW D61 114511
neighbor terms of the original Hamiltonian only. Thus t
site-site term inHeff is identical to that stemming from
naive fermion prescription, with all its doubling and accide
tal symmetries@15#. The staggered magnetic field com
from coupling the zero modes to the higher modes of
fifth dimension. It is identical in form to the term generat
by a mass term in the naive theory. This means that what
the interpretation of the accidental symmetries of the near
neighbor theory, the symmetries that survive the magn
field term are not axial. This is confirmed by addin
Shamir’s mass term@5# as a perturbation, and seeing that
gives a contribution toHeff of exactly the same form. Thu
our result is that in the strong-coupling limit, domain wa
fermions are massive and doubled.

We note that the proof of Furman and Shamir@9# ~that
chiral symmetry is exact at finite gauge coupling! depends on
isolating background gauge field configurations that ind
zero modes in the fifth-dimension transfer matrix. This c
be done when the four-dimensional Euclidean lattice is fin
but the argument could well break down in the tim
continuum limit necessary for construction of the Ham
tonian.

In Sec. II we write out the~411!-dimensional Hamil-
tonian of domain wall fermions coupled to a~311!-
dimensional gauge field, following the commonly used fo
mulation of the corresponding Euclidean theory. F
simplicity we work with an Abelian theory with a singl
flavor; we review the free theory in Appendix A. We begin
perturbation expansion in strong coupling and are thus le
solve the single-site problem, a massive fermion in~111!
continuous dimensions on an interval@0,L#, in Sec. III and in
Appendix B. The zero modes of this single-site proble
which appear only forM.3, are the low-lying states that ar
coupled by the three-dimensional hopping Hamiltonian. D
ing second-order perturbation theory in the latter gives
Sec. IV, the effective hopping HamiltonianHeff governing
the low-lying, colorless degrees of freedom. We show
Sec. V that the effective Hamiltonian possesses accide
internal symmetries identical to those of one derived fr
naive, nearest-neighbor fermions with non-zero mass. T
means that domain wall fermions, as well as overlap fer
ons which are equivalent to them in theL→` limit, are
massive and doubled in the strong coupling limit. We co
firm in Sec. VI our identification of the mass term by sho
ing that Shamir’s mass term generates a term of the s
form in perturbation theory. Finally, we present in Sec. VI
straightforward extension of our results to a theory w
more flavors, whence we find that the mass term gener
indeed breaks all axial symmetries, including those t
should not be afflicted with anomalies. We close with so
comments in Sec. VIII, chief of which is the observation th
the symmetry properties ofHeff are unchanged by promotio
of the gauge symmetry to a non-Abelian group. Thus
result of the failure of domain wall fermions at strong co
pling is quite general, and calls for careful study of th
phase structure at finite gauge coupling.

II. HAMILTONIAN

We consider an Abelian gauge field coupled to latt
fermions defined via Shamir’s domain wall prescriptio
11451
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Space-time consists of a three-dimensional spatial lat
with continuous time and a continuous fifth dimension spe
fied by the coordinatesP@0,L#. ~For a reprise of free fermi-
ons in this formulation, see Appendix A.! The Hamiltonian is

H5HE1HB1H41H51Hm , ~2.1!

with

HE5
1

2
g2(

xi
Exi

2 ~2.2!

HB52
1

g2 (
xi

cosBxi ~2.3!

H45(
x
E dscxs

† b(
i

S ~12 ig i !

2
Uxicx1 ı̂ ,s

1
~11 ig i !

2
Ux2 ı̂ ,i

†
cx2 ı̂ ,sD ~2.4!

H55(
x
E ds@cxs

† ~2 ia5]5!cxs1~M23!cxs
† bcxs#

~2.5!

Hm5m(
x

S cxL
† b

~11g5!

2
cx01cx0

† b
~12g5!

2
cxLD .

~2.6!

H4 is the ordinary Wilson Hamiltonian for hopping on th
three-dimensional spatial lattice, whileH5 is a massive Dirac
Hamiltonian in the new fifth dimension. The gauge fie
couples equally to all fields at the same lattice sitex, irre-
spective ofs, and there is no fifth component of the gau
field. Hm is Shamir’s mass term which couples the layers
s50 ands5L. As discussed in Appendix A, we have s
r 521; as shown in Appendix B, we must chooseM23
.0 in order to obtain surface modes in the fifth dimensio

When g2@1, we diagonalizeHE . The ground state is
highly degenerate, consisting of all states withE50. Gauss’
Law restricts us to statesuw& satisfying

F ~¹•E!x2E dscxs
† cxsG uw&50 ~2.7!

for all x, so the fermion states must satisfy

E dscxs
† cxsuw&50 ~2.8!

for everyx. The degeneracy is lifted in zeroth order byH5,
which constitutes the single-site problem. ThenH4, which
creates and annihilates links of flux, gives a contribution
second-order perturbation theory that is of order 1/g2 be-
cause of the energy denominator. We takem to be small
enough thatHm comes next in perturbation theory. Finall
HB acts in second-order perturbation theory to give con
butions of order 1/g6, which we will neglect entirely.
1-2
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III. SINGLE-SITE PROBLEM

H5 is a sum of terms pertaining to single lattice sites:

H55(
x

cx
†hcx . ~3.1!

In Appendix B, we find eigenmodes of the differential o
eratorh satisfying

hul~s!5lul~s!. ~3.2!

For each eigenvectorul with l.0, we have an eigenvecto
vl[u2l52g5ul . ~This is becauseg5h1hg550.! There
is also a spin indexs56 for eachl. Dropping thex index,
we write an eigenfunction expansion ofcs :

cs5 (
l.0,s

@xls
1 uls~s!1xls

2 vls~s!#. ~3.3!

~The notationl.0 here includesl5l0, the zero mode in
the limit L→0.! The single-site Hamiltonian and the char
operator take the form

c†hc5 (
l.0,s

l@~xls
1 !†xls

1 2~xls
2 !†xls

2 # ~3.4!

Q[(
s

cs
†cs5 (

l.0,s
@~xls

1 !†xls
1 1~xls

2 !†xls
2 #. ~3.5!

To obtain the ground state of the single-site Hamiltonian,
must fill the Dirac sea. We do this by writing

xls
1 5bls ~3.6!

xls
2 5dls

† . ~3.7!

Now

c†hc5 (
l.0,s

l~bls
† bls1dls

† dls21! ~3.8!

Q5 (
l.0,s

~bls
† bls2dls

† dls11!. ~3.9!

We can drop the 1’s in these formulas: In the first case th
represents a constant energy shift, and in the second it
c-number charge density that can be defined away in Ga
law.

The ground state at each sitex is u0&x , the state annihi-
lated by allbxls anddxls . Low-lying states are created b
bx0s

† anddx0s
† , creation operators for the zero mode1; these

states are degenerate withu0&x when L→`. States withl
Þ0 are separated by the gapM23, and lie outside the de
generate subspace. Thus there are six neutral degen
states at each site:u0&x four single-pair states of the form

1Henceforth we use the notationl50 for the zero mode andl
.0 for the continuum aboveM23.
11451
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bx0s
† dx0s8

† u0&x , and the two-pair state
bx01

† dx01
† bx02

† dx02
† u0&x . We denote these states asuh&x . A

basis for the degenerate ground states ofHE1H5 is then
u$h%&5)xuhx&x .

We now define a field operator that acts only on the z
mode. It is convenient to use operators that create and a
hilate particles localized nears50 or s5L only, since these
will be the chiral states. In view of Eq.~B2! and Eqs.~B11!
and~B12!, these are defined by a Bogoliubov transformatio

Bxs5
1

A2
~bx0s1dx0s

† !

Dx0s
† 5

1

A2
~bx0s2dx0s

† !. ~3.10!

Then the field operator is

Cx5S Bx01

Bx02

Dx01
†

Dx02
†

D . ~3.11!

IV. EFFECTIVE HOPPING HAMILTONIAN

We now apply second-order degenerate perturba
theory inH4 to define an effective hopping Hamiltonian v

^$h%uHeffu$h8%&5(
u j &

^$h%uH4u j &^ j uH4u$h8%&
E$h%2Ej

. ~4.1!

The energy denominator containsg2/2 because of the electri
flux, added to any energy due to continuum fermions in
intermediate state.

Let us focus on a term whereinH4 acts onu$h8%& by
raising the electric flux on the linkxi by a unit. ThenH4 has
to act on the intermediate stateu j & so as to lower the flux on
the same link in order to give a fluxless state of the ty
u$h%&. The numerator of this term in Eq.~4.1! is

^$h%u E dscx1 ı̂ ,s
†

b
~11 ig i !

2
cxsu j &

3^ j u E ds8cxs8
† b

~12 ig i !

2
cx1 ı̂ ,s8u$h8%&,

~4.2!

where we have suppressed the gauge field matrix elem
which is unity. We isolate the zero mode inc,

cxs5(
s

@bx0su0s~s!1dx0s
† v0s~s!#

1 (
l.0,s

@bxlsuls~s!1dxls
† vls~s!#

[cxs
(0)1cxs

(1) , ~4.3!
1-3
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and expand Eq.~4.2! to

^$h%u E ds~cx1 ı̂ ,s
(0)†

1cx1 ı̂ ,s
(1)†

!b
~11 ig i !

2
~cxs

(0)1cxs
(1)!u j &

3^ j u E ds8~cxs8
(0)†

1cxs8
(1)†

!b
~12 ig i !

2

3~cx1 ı̂ ,s8
(0)

1cx1 ı̂ ,s8
(1)

!u$h8%&. ~4.4!

The statesu$h%& and u$h8%& contain no quanta withl
.0 at x or at x1 ı̂ . Thus thec (1) fields at either site mus
either be paired or be absent. This leaves us with three ty
of term, with which we deal in turn.

A. Trivial term

Choosing all thec (1) fields in Eq.~4.4! leaves no opera
tors to change the zero-mode states. The term is there
zero unlessu$h%&5u$h8%&. Moreover, the matrix element
have no dependence on$h8% except for possible sign factor
from Fermi statistics, which cancel upon multiplying the tw
matrix elements. Thus this type of term gives a contribut
to Heff that is proportional to the unit operator, and uninte
esting.

B. Site-site coupling

Consider now the result of choosing all thec (0) fields in
Eq. ~4.4!. Then the intermediate stateu j & differs from u$h%&
and u$h8%& only in its zero-mode quanta. The energy d
nominator is exactly2g2/2 for all accessible statesu j &, and
the corresponding terms in Eq.~4.1! may be evaluated as
completeness sum. This is the site-site coupling inHeff, viz.,

Hx,x1 ı̂
eff

52
2

g2E dscx1 ı̂ ,s
(0)†

b
~11 ig i !

2
cxs

(0)

3E ds8cxs8
(0)†b

~12 ig i !

2
cx1 ı̂ ,s8

(0) . ~4.5!

The quantity

E dscx1 ı̂ ,s
(0)†

bcxs
(0) ~4.6!

contains, according to Eq.~4.3!, the integrals*dsu†bu,
*dsv†bv, and*dsu†bv. Sinceb5r1 is off diagonal in the
chiral basis, each of these consists entirely of cross-term
the form @see Eq.~B2!# *ds f(s)g(s). This is the overlap of
functions localized at opposite ends of the interval@0,L#, and
when L is large this integral is6e2k0L, with k0.M23.
Thus the terms withoutg i in Eq. ~4.5! can be dropped.

We are left with

Hx,x1 ı̂
eff

52
1

2g2E dscx1 ı̂ ,s
(0)†

a icxs
(0)E ds8cxs8

(0)†a icx1 ı̂ ,s8
(0) .

~4.7!

The first factor is
11451
es

re

n
-

-

of

E dscx1 ı̂ ,s
(0)†

a icxs
(0)

5E ds(
ss8

@bx1 ı̂ ,0s
†

u0s
† ~s!1dx1 ı̂ ,0sv0s

† ~s!#

3a i@bx0s8u0s8~s!1dx0s8
† v0s8~s!#. ~4.8!

It is straightforward to evaluate

E dsu0s
† ~s!a iu0s8~s!5E dsv0s

† ~s!a iv0s8~s!50

E dsu0s
† ~s!a iv0s8~s!52hs

†s ihs8

5E dsv0s
† ~s!a iu0s8~s!. ~4.9!

Thus

E dscx1 ı̂ ,s
(0)†

a icxs
(0)

52(
ss8

hs
†s ihs8~bx1 ı̂ ,0s

†
dx0s8

†
1dx1 ı̂ ,0sbx0s8!

52Cx1 ı̂
†

a iCx ~4.10!

and finally

Hx,x1 ı̂
eff

52
1

2g2
Cx1 ı̂

†
a iCxCx

†a iCx1 ı̂ . ~4.11!

The perturbation sum~4.1! also contains a term whereH4
lowers the flux on linkxi when creating the intermediat
stateu j &. The numerator is@cf. Eq. ~4.2!#

^$h%u E dscxs
† b

~12 ig i !

2
cx1 ı̂ ,su j &

3^ j u E ds8cx1 ı̂ ,s8
†

b
~11 ig i !

2
cxs8u$h8%&.

~4.12!

This gives

Hx1 ı̂ ,x
eff

52
1

2g2
Cx

†a iCx1 ı̂Cx1 ı̂
†

a iCx . ~4.13!

Dropping theb term ~4.6! means that the Wilson term in
H4 does not contribute toHeff. It is hence not surprising tha
the result shown in Eqs.~4.11! and ~4.13! is no different
from that in the naive nearest-neighbor theory@15#.

C. Fierz transformation

Before completing our analysis of Eq.~4.4!, we execute a
Fierz transformation@15# on Heff in order to express its term
as products of single-site operators. We express
1-4



h

g

rg
s

is

a-

HAMILTONIAN DOMAIN WALL FERMIONS AT STRONG . . . PHYSICAL REVIEW D 61 114511
~a i ! i j ~a i !kl5
1

4 (
a

siaG i l
aGk j

a , ~4.14!

choosing all theGa to be Hermitian~e.g.,ig i) and satisfying
TrGaGb54dab . The coefficients are

sia5
1

4
Tr~a i !G

a~a i !G
a561, ~4.15!

according to whetherGa commutes or anticommutes wit
a i :

Ga~a i !5sia~a i !G
a. ~4.16!

Thus the Fierz transformation takes the form

C i
†~a i ! i j C j8Ck8

†~a i !klC l

5(
a

siaC i
†G i l

aC l~2Ck8
†C j81d jk!Gk j

a

52(
a

siaC†GaCC8†GaC814C†C

~4.17!

and the site-site part of the effective Hamiltonian is

Hs–s
eff 5

1

g2 (
xi

(
a

siaCx
†GaCxCx1 ı̂

†
GaCx1 ı̂ . ~4.18!

We have combinedHx,x1 ı̂
eff with Hx1 ı̂ ,x

eff and dropped the
C†C which is a constant.

D. Single-site term

We return to Eq.~4.4! and examine the term containin
cxs

(0) andcx1 ı̂ ,s
(1) . This term allowsu$h%& to differ from u$h8%&

only atx. The energy denominator will depend on the ene
of the intermediatel.0 state, and there is no completene
sum. The contribution toHeff is

^$h%uHxi
eff(1)u$h8%&

5(
u j &

1

E$h%2Ej
^$h%u E dscx1 ı̂ ,s

(1)†
b

~11 ig i !

2
cxs

(0)u j &

3^ j u E ds8cxs8
(0)†b

~12 ig i !

2
cx1 ı̂ ,s8

(1) u$h8%&.

~4.19!

The intermediate state has a different zero-mode stateuĥ& at
site x and an additional continuum quantum in stateu(ls)&
at sitex1 ı̂ , and we write it as the product

u j &5uĥ&xuhx1 ı̂
8 ~ls!&x1 ı̂ . ~4.20!

The energy denominator is
11451
y
s

E$h%2Ej52
g2

2
2l, ~4.21!

and the rightmost matrix element is

E ds(
s8

@^ĥubx0s8
† uhx8&u0s8

†
~s!1^ĥudx0s8uhx8&v0s8

†
~s!#

3b
~12 ig i !

2
^~ls!udx1 ı̂ ,ls

† u0&vls~s!. ~4.22!

Using orthogonality relations derived in Appendix B, it
easy to show that

E dsu0s
† ~s!

1

2
a ivls8~s!5E dsv0s

† ~s!
1

2
a ivls8~s!50.

~4.23!

Moreover,

E dsu0s
† 1

2
bvls850, ~4.24!

and the only non-zero matrix element is

E dsv0s
† 1

2
bvls852dss8I~l!, ~4.25!

where we define

I~l!5E
0

L

ds f0~s!gl~s!. ~4.26!

The matrix element~4.22! is thus that of the operator
2I(l)dx0s ; treating the other matrix element in Eq.~4.19!
in the same way, we get the adjoint, and hence

Hxi
eff(1)5(

ls

I~l!2dx0s
† dx0s

2g2/22l
. ~4.27!

There is a corresponding term from the flux-lowering m
trix element~4.12!. The counterpart to Eq.~4.19! is

^$h%uHxi
eff(2)u$h8%&

5(
u j &

1

E$h%2Ej
^$h%u E dscxs

(0)†b
~12 ig i !

2
cx1 ı̂ ,s

(1) u j &

3^ j u E ds8cx1 ı̂ ,s
(1)†

b
~11 ig i !

2
cxs

(0)u$h8%&. ~4.28!

The rightmost matrix element is now

E ds(
s8

^~ls!ubx1 ı̂ ,ls
† u0&uls

† ~s!b
~11 ig i !

2

3@^ĥxubx0s8uhx8&u0s8~s!1^ĥxudx0s8
† uhx8&v0s8~s!#.

~4.29!
1-5
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Proceeding as before, we find that the only non-zero inte
is

E dsuls
† 1

2
bu0s85dss8I~l!, ~4.30!

which gives the matrix element of the operatorI(l)bx0s .
The other matrix element gives the adjoint, and the resu

Hxi
eff(2)5(

ls

I~l!2bx0s
† bx0s

2g2/22l
. ~4.31!

Since there is no dependence on the link directioni, we
obtain a factor of 3; the backward link (x2 ı̂ ,x) gives the
same result, giving another factor of 2 in the final result
the single-site term. We note that

(
s

bx0s
† bx0s1dx0s

† dx0s5Cx
†bCx21, ~4.32!

and so the single-site effective Hamiltonian is

Hsite
eff 52G(

x
Cx

†bCx , ~4.33!

with

G56(
l

I~l!2

l1g2/2
. ~4.34!

We show in Appendix C that the summation in Eq.~4.34! is
convergent.

V. SYMMETRIES OF H eff

The fermion bilinears appearing inHeff form a U(4) al-
gebra that acts on the Dirac indices ofC. Identifying the
generators of this algebra will permit analysis of the symm
tries of the effective theory@15#.

We define local charges by

Q̃x
a5Cx

†GaCx . ~5.1!

Since the 16 matricesGa are a Hermitian basis for theU(4)
algebra, so are theQ̃x

a :

@Q̃x
a ,Q̃x

b#5 i f abcQ̃x
c . ~5.2!

The effective Hamiltonian can be expressed as

Heff5
1

g2 (
xi

(
a

siaQ̃x
aQ̃x1 ı̂

a
2G(

x
Q̃x

m . ~5.3!

We have definedQ̃x
m5Cx

†g0Cx , the generator appearing i
the single-site term inHeff, soon to be identified as a mas
term.

In order to get rid of thesia sign factors in Eq.~5.3!, we
absorb them into new local chargesQx

a according to
11451
al

is

r

-

Qx
aQx1 ı̂

a
5siaQ̃x

aQ̃x1 ı̂
a

~5.4!

which has the solution

Qx
a5)

i
~sia!xiQ̃x

a . ~5.5!

The commutation relations of the new charges are the s
as those of the old ones, since

@Qx
a ,Qx

b#5)
i

~siasib!xi@Q̃x
a ,Q̃x

b#

5)
i

~siasib!xi i f abcQ̃x
c

5)
i

~sic!xi i f abcQ̃x
c ~5.6!

5 i f abcQx
c . ~5.7!

Equation~5.6! is true because givena and b, the structure
factor f abc is nonzero for at most one value ofc ~i.e., the
commutator ofGa andGb is just a particularGc), and for this
combination ofa,b,c we havesiasib5sic . Now we can
write

Heff5
1

g2 (
xi

(
a

Qx
aQx1 ı̂

a
2G(

x
~21!x1y1zQx

m .

~5.8!

Note thatsim521 for all i.
Defining global charges according to

Qa5(
x

Qx
a , ~5.9!

it is clear that

@Qa,Qb#5 i f abcQc ~5.10!

and

@Qa,Hs–s
eff #50, ~5.11!

but Hsite
eff 52G(x(21)x1y1zQx

m breaks all charges excep
for those that commute withQm. This breaks the symmetry
group from U(4) to SU(2)3SU(2)3U(1)B3U(1)m ,
where the newU(1)m is generated byQm and theSU(2)’s
are generated by theQa corresponding to the axial vector
s6g5g.

The neutral statesuh& at each site can be classified
follows. Begin with the drained stateuDr&[dx01

† dx02
† u0&x ,

which is the unique state with chargeQ522. Since charge
is theU(1)B factor of theU(4), all thegenerators ofU(4)
commute with it, and henceuDr& is a singlet. From this we
form the neutral statesu i j &5C i

†C j
†uDr&, wherei , j are Dirac

indices. SinceC i transforms as a fundamental4 of SU(4),
the statesu i j &, which are theuh& states, transform as th
1-6
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antisymmetric product6 of two quartets. Under theSU(2)
3SU(2)3U(1)m subgroup left unbroken byHsite

eff , the 6 is

composed of the representations (0,0)61,( 1
2 , 1

2 )0. This is ex-
actly the structure of the naive, nearest-neighbor theory
discussed in@15#, with an important exception: There an e
plicit Dirac mass term furnishes the single-siteQx

m term in
Heff, while here this term is inherent in the domain wa
formulation, even without a fermionic mass term.

VI. SHAMIR MASS TERM

The final perturbation we consider is the mass termHm .
Acting among the low-energy statesu$h%&, it takes the form

Hm
eff5m(

x
S cxL

(0)†b
~11g5!

2
cx0

(0)1cx0
(0)†b

~12g5!

2
cxL

(0)D .

~6.1!

The boundary conditions~A11! allow the replacement12 (1
6g5)→1. Expandingc (0), we have

Hm
eff5m(

x
(
ss8

$@bx0s
† u0s

† ~L !1dx0sv0s
† ~L !#

3b@bx0s8u0s8~0!1dx0s8
† v0s8~0!#

1@bx0s
† u0s

† ~0!1dx0sv0s
† ~0!#

3b@bx0s8u0s8~L !1dx0s8
† v0s8~L !#%. ~6.2!

Now we note that~see Appendix B for notation!

u0s~0!52v0s~0!5S f 0~0!

0 Dhs ~6.3!

u0s~L !5v0s~L !5S 0

g0~L !
Dhs , ~6.4!

andg0(L)52 f 0(0)5A0 sinhk0L.Ak0.AM23. Hence

Hm
eff522k0m(

x
(
s

~bx0s
† bx0s2dx0sdx0s

† !

522k0m(
x

Cx
†bCx . ~6.5!

Shamir’s mass term leads to a term inHeff that is of the
same form asHsite

eff . It thus breaks no hitherto unbroken sym
metry of the theory. This confirms our conclusion that t
domain wall formulation possesses no axial symmetry in
strong coupling limit. The symmetries that do survive brea
ing are accidental symmetries of the nearest-neighbor the

VII. MORE FLAVORS

One might wonder at this point whether the expli
breaking of chiral symmetry is due in some mysterious w
to the anomaly. To settle this point we extend the abo
analysis toNf.1. This extension is straightforward@15#. It
11451
as

e
-
ry.

y
e

is easiest to regardC as a spinor with 4Nf components and
to combine transformations of the Dirac and flavor indic
into a U(4Nf) group. Retracing our derivations, one ma
verify that the effective Hamiltonian is unchanged in form;
is only necessary to substituteMar[Ga

^ l r for Ga in the
definition of the chargesQ̃ andQ, wherel r are the genera-
tors of the flavorU(Nf). Thus

Heff5
1

g2 (
xi

(
ar

Qx
arQx1 ı̂

ar
2G(

x
~21!x1y1zQx

m .

~7.1!

The single-site term is diagonal in flavor and containsQ̃x
m

5Cx
†bCx as before. The same goes forHm

eff . The single-site
and mass terms therefore breakSU(4Nf) to SU(2Nf)
3SU(2Nf)3U(1)m . Again, there is too much symmetry
an indication of doubling; moreover, whatever symmetry
broken by the mass term is already broken by the single
term. Each of these terms is flavor diagonal and breaks
generators of the formg5^ la, including the off-diagonal
generators that should be unaffected by anomalies.

For completeness, we present the construction of the s
space in whichHeff acts. The development follows close
that for the single-flavor case. Start with the drained st
uDr&5) fdx01

f † dx02
f † u0&x . This state has theU(1)B chargeQ

522Nf and is unique, and hence a singlet underSU(4Nf).
To get back to the neutral states, we raise withC i

† according
to u i j •••&5(C i

†C j
†
•••)uDr&, wherei , j are Dirac-flavor in-

dices and there are 2Nf of them.C i transforms in the fun-
damental representation ofSU(4Nf), and hence the neutra
states transform in the antisymmetric representation wh
Young diagram has one column of 2Nf boxes.

VIII. DISCUSSION

We have shown that an Abelian gauge theory with d
main wall fermions breaks chiral symmetry explicitly i
strong coupling, and moreover becomes invariant under
same symmetry group as is a theory with naive, near
neighbor fermions. Our conclusions are derived from co
struction of the effective Hamiltonian in strong-coupling pe
turbation theory. A symmetry-breaking single-site ter
appears that echoes that produced by a Dirac mass ter
the naive theory or by a Shamir mass term in the dom
wall theory. We conclude with some speculations and dir
tions for further work.

A. Domain wall fermions

The interpretation of our result is not difficult. The gaug
interaction offers a mechanism for communication betwe
the would-be chiral modes that reside on opposite surface
the five-dimensional space. As seen above, a chiral mod
one site, residing ats50, communicates with a continuum
mode on an adjoining site via the gauge field, and the c
tinuum mode carries the interaction tos5L, whence it is
passed to the other chiral mode, on the original site, by
gauge field. This is the origin of the single-site term in t
1-7
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effective Hamiltonian. Shamir’s mass term, then, mer
adds contact between the surfaces to what is already th

At present, the arguments in favor of exact chiral symm
try in the domain wall theory are perturbative@5# or limited
to a finite Euclidean lattice@9#. Numerical results indicate
that it is quite possible that non-perturbative physics bre
the symmetry at moderate couplings, with the result depe
ing on the ratio of the fifth dimension to the fou
dimensional volume. Our results make more urgent the qu
tion of whether chiral symmetry is thus broken even in we
coupling. If it is, then one must demonstrate a way to tak
continuum~and infinite-volume! limit at weak coupling in
such a way that the symmetry breaking phenomena ma
neglected. If it is not, then there must be a phase transitio
intermediate coupling. This phase transition would be an
teresting topic of research in its own right.

B. Spectrum

Despite the dire consequences for chiral symmetry, i
interesting to pursue the present model a bit further. O
may ask about the spectrum of this effective Hamiltoni
following @15#. In the absence of the single site term and
a mass perturbation,Heff represents a Heisenberg antiferr
magnet with symmetry groupSU(4Nf) and spins in the an
tisymmetric representation indicated above. The analysi
@15# shows that the ground state of this theory breaks
symmetry spontaneously toSU(2Nf)3SU(2Nf)3U(1),
where the direction of theU(1) factor is arbitrary, and thus
there are 8Nf

2 Goldstone bosons. A mass perturbation w
select the direction of theU(1) by fixing its generator to be
Qm. The broken generators, then, will be all those who
Dirac structure anticommutes withb, including g5. The
Goldstone bosons will develop small masses, proportiona
m2.

In the domain wall model, however, the symmetr
breaking mass-like term is not small. It breaks theSU(4Nf)
symmetry immediately, and may invalidate the above p
ture, which is perturbative inHm

eff . One must start with an
antiferromagnet withSU(2Nf)3SU(2Nf)3U(1) symme-
try, with spins in a reducible representation, and calculate
pattern of spontaneous symmetry breaking. As indica
above, the unbroken symmetry of the Hamiltonian does
include chiral symmetry. In the context of a nearest-neigh
theory perturbed by next-nearest-neighbor~or long-ranged!
interactions, these strange symmetries may be interpr
@15# as generalizations of the approximate, non-relativis
SU(6) symmetry~for Nf53). The value of doing this here
is unclear.

C. Non-Abelian gauge fields

In one sense, the introduction of non-Abelian gauge fie
changes almost nothing. One simple modification is that
energy denominator contains, instead ofg2/2, the energy of a
fundamental link of flux given by (g2/2)CF, whereCF is the
Casimir operator of the fundamental representation of
SU(Nc) group. Apart from this, the effective Hamiltonian
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unchanged from that given above. Thus the explicit break
of chiral symmetry is still there.

The actual solution of the Hamiltonian, however, is co
siderably more complicated than in the Abelian case. T
reason, of course, is the existence of color singlet baryo
Consider constructing the space of single-site states.
drained state isuDr&5)c, fdx01

c f† dx02
c f† u0&x , where c is the

color index. Again, this is the unique state withU(1) charge
~baryon number! equal to22NfNc , and hence is a single
under both Dirac-flavor and color. To return to the neut
sector, applyC i

c† to this state 2NfNc times. In order to make
this state a color singlet, the color indices on theC†’s must
be contracted to singlets. But this is like making 2Nf baryons
out of 2NfNc quarks~e.g., four nucleons out of 12 quarks!,
and there are many color-singlet contraction schemes, e
giving a different flavor representation. The representation
the Qar charges on each site is therefore highly reducib
even before considering the breaking ofSU(4Nf).

An additional feature, related to this difficulty, is the po
sibility of considering states with non-zero baryon density.
view of our results, domain wall fermions offer no advanta
over naive fermions for this problem, especially as the la
may be made massless.
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APPENDIX A: REPRISE OF FREE DOMAIN WALL
FERMIONS

We review here the spectrum of free fermions on
3-dimensional spatial lattice with continuous time and a c
tinuous fifth dimension with coordinate 0<s<L. The
Hamiltonian is

H5H41H5 , ~A1!

whereH4 is the ordinary~massless! Wilson Hamiltonian in
311 dimensions,

H45( Fc†~2 i a•¹!c2
r

2
c†b¹2c G , ~A2!

and H5 is the continuum kinetic term in the 5th dimensio
with a mass term:

H55( @c†~2 ia5]5!c1Mc†bc#. ~A3!

The lattice derivatives are

¹ ic5 1
2 ~cx1 ı̂2cx2 ı̂ ! ~A4!

¹2c5(
i

~cx1 ı̂1cx2 ı̂22cx!. ~A5!
1-8
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Under Fourier transformation,

¹ ic→ i sinpic[ isic ~A6!

¹2c→22(
i

~12cospi !. ~A7!

We use the following Dirac matrices:

g05b5r1 , g55r3

a5r3s, g5ba52 ir2s ~A8!

a55 ibg55r2 .

H4 takes the explicit form

H45(
x
E dsF2cxs

† b(
i

S ~r 1 ig i !

2
cx1 ı̂ ,s

1
~r 2 ig i !

2
cx2 ı̂ ,sD13rcxs

† bcxsG . ~A9!

Transforming to~3D! momentum space, we have

H5E d3pdsc†S a•s1rb(
i

~12cospi !2 ia5]51Mb Dc.

~A10!

The boundary conditions ins are

~11g5!c~L !5~12g5!c~0!50. ~A11!

Writing

c5S x

h D , ~A12!

wherex andh are 2-spinors, the equations diagonalizing t
quadratic form are

~s•s!x1mh2]5h5Ex ~A13!

2~s•s!h1mx1]5x5Eh, ~A14!

wherem5r ((12cospi)1M, with the boundary conditions

x~L !5h~0!50. ~A15!

We can work with helicity eigenstates according to

~s•s!x5hx, ~s•s!h5hh. ~A16!

Now we solve forx,

x5
1

E2h
~m2]5!h, ~A17!

leaving us with
11451
e

~]5
22l2!h50, ~A18!

where l25m21h22E2. Assuming l2.0, the boundary
condition onh leaves us the solution

h~s!5A sinhlshh ~A19!

wherehh is the ~normalized! helicity eigenspinor. Then

x~s!5
A

E2h
~m sinhls2l coshls!hh . ~A20!

The boundary conditionx(L)50 gives us the quantization
condition

l5m tanhlL. ~A21!

The quantization condition has a non-trivial solution forl
only if m.0. We chooser andM so that this solution will
exist only nearp50 and not nearpi56p. At the points
pi50,6p we havem52nr1M , wheren is the number of
nonzero components ofp. Thus, if we chooser 521 and
0,M,2, the discrete mode atp50 has no counterpart
~doublers! at the zone faces.

There are also continuum solutions withl2,0, which are
similar to the single-site continuum modes discussed in
next appendix.

APPENDIX B: THE SINGLE-SITE PROBLEM

The single-site eigenvalue equation is

hu[2 ia5]5u1mbu5lu, ~B1!

where we have definedm5M23. There is no spin depen
dence, so we write

u5S f̂ ~s!h

ĝ~s!h
D ~B2!

whereh is any 2-spinor. Then we have the equations

2]ĝ1mĝ5l f̂ ~B3!

] f̂ 1m f̂ 5lĝ. ~B4!

The boundary conditions

~12g5!u~0!50 ~B5!

~11g5!u~L !50 ~B6!

translate into

ĝ~0!50 ~B7!

f̂ ~L !50. ~B8!

We solve Eq.~B3! for f̂ ,
1-9
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f̂ 5
1

l
~2]1m!ĝ, ~B9!

and substitute into Eq.~B4!, giving

]2ĝ2k2ĝ50 ~B10!

wherek25m22l2.

1. k2Ì0

The solutions satisfying the boundary conditions are

f̂ 56A sinhk~s2L ![6 f 0~s! ~B11!

ĝ5A sinhks[g0~s!, ~B12!

where the eigenvalue condition is satisfied byk5k0,

k05m tanhk0L, ~B13!

and thus

l56l056
m

coshk0L
. ~B14!

As L→`, we havek0→m andl0→0. Note that we require
m5M23.0 in order for this solution to exist. The norma
ization constant whenL is large is

A0.2Ake2kL. ~B15!

2. k2Ë0

Defining k5 ik, we have

]2g1k2g50 ~B16!

wherek25l22m2. The solutions are

f̂ 56A sink~s2L ![6 f l~s! ~B17!

ĝ5A sinks[gl~s!, ~B18!

with

k5m tan kL ~B19!

and

l56
m

coskL
. ~B20!
11451
There is a gap to this pseudo-continuum,ulu.m5M23.
When k@m the solutions of Eq.~B19! approach (2n
11)p/L, sol grows without bound as well. The normaliza
tion constant is

Al5S L2
1

2k
sin 2kLD 21/2

. ~B21!

The eigenvectors ofh are orthogonal and, in particular,

E dsu0s
† vls85E dsv0s

† vls850. ~B22!

Moreover, since$g5 ,h%50,

E dsu0s
† g5vls85E dsv0s

† g5vls850, ~B23!

and thus

E dsu0s
† ~16g5!vls85E dsv0s

† ~16g5!vls850.

~B24!

This means, according to Eq.~B2!,

E ds f0f l5E dsg0gl50. ~B25!

APPENDIX C: THE COEFFICIENT
OF THE SINGLE-SITE TERM

First we evaluate

I~l!5E
0

L

ds f0~s!gl~s!5A0AlE
0

L

dssinhk~s2L !sinks.

~C1!

A straightforward calculation gives

I~l!5A0Alm21
sin 2kL sinh 2kL

4~coshkL1coskL!
.

sin 2kL

2AmL
~C2!

asL→` ~with k not too small, i.e.,k@1/L). The coefficient
is thus

G56E dkr~k!
1

4mL

sin22kL

Ak21m21g2/2
, ~C3!

where r(k) is the density of solutions of the quantizatio
condition

k5m tan kL. ~C4!
1-10
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To find r, we defineu5k/m and write Eq.~C4! as

tan21 u5mLu2np ~C5!

and we differentiate, keeping always to the same branc
the arctan,

S 1

11u2
2mL D du52pdn, ~C6!

so
. D

i,

11451
of

r~k!5
dn

dk
5

L

p
2

1

p

m

k21m2
. ~C7!

The other factor in the integral is

sin2 2kL5
4m2k2

~m21k2!2
, ~C8!

so the integral is convergent. In the largeg limit, G53/g2.
s,

D
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