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Richard C. Brower
Physics Department, Boston University, Boston, Massachusetts 02215

Benjamin Svetitsky
School of Physics and Astronomy, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, 69978 Tel Aviv, Israel
(Received 14 December 1999; published 10 May 2000

We apply strong-coupling perturbation theory to gauge theories containing domain-wall fermions in
Shamir’s surface version. We construct the effective Hamiltonian for the color-singlet degrees of freedom that
constitute the low-lying spectrum at strong coupling. We show that the effective theory is identical to that
derived from naive, doubled fermions with a mass term, and hence that domain-wall fermions at strong
coupling suffer both doubling and explicit breaking of chiral symmetry. Since we employ a continuous fifth
dimension whose extent tends to infinity, our result applies to overlap fermions as well.

PACS numbgs): 11.15.Ha, 11.15.Me, 11.30.Rd

[. INTRODUCTION first applied[12] to fermions in the newly invented Hamil-
tonian lattice gauge theory in its original formulation, which
For a quarter of a century, users of lattice fermions haveemployed what came to be known as staggered ferni@jns
been forced to choose between the Scylla of chiral symmetrfhe method was subsequently applied to Wilson fermions by
violation [1] and the Charybdis of uncontrolled flavor dou- Smit[13] and to naive and long-rand&4] fermions by the
bling [2]. The constraints imposed by the Nielsen-NinomiyaSLAC group[15] (see alsd16]).
theorem[3] imply that attempts to circumvent these prob- Degenerate perturbation theory leads to an effective
lems must avoid its assumptions. An avenue pursued in rddamiltonian H®" that acts among the low-lying, fluxless
cent years is that of employing a large numiinding to  states. The advantage of the Hamiltonian formulation in this
infinity) of fermion flavors, one of which survives in the regard is that much may be learned from the effective Hamil-
continuum limit as a massless fermion supporting a chiratonian even if one makes no attempt to diagonalize it. This is
symmetry group. One route down this avenue is that of Kain contrast with Euclidean strong coupling methods, where
plan[4], who introduced a fifth dimension with its concomi- some additional approximation such as a hopping parameter
tant excitations, one of which is kept at low energy by aexpansion, mean field theory, or a laiye-limit must be
defect in a background field. We here focus on Shamir'sapplied. We note a recent stufly/7] of overlap fermions in
variant[5] of domain wall fermions, sometimes known as the Euclidean strong-coupling theory with a hopping param-
surface fermions. The much-studied overlap fermidijsare  eter expansion, which does not uncover the features we
equivalent to this formulation in the limit that the size and present below.
lattice spacing of the fifth dimension are taken to infinity and  In all cases,H®" takes the form of an antiferromagnet
zero, respectively7,8]. possessing the global symmetry of the underlying fermion
The domain wall formulation has been shown to yield anyformulation. For Wilson fermions, there is no symmetry in
desired number of undoubled, massless fermions with fulthe single-flavor case; for Kogut-Susskind fermions, there is
chiral symmetry—when the fermions are free. Shapsf  at least a discrete chiral-spin-flavor symmetry. For naive and
proved that exact chiral symmetry—as evidenced by multiSLAC fermions, the symmetry is continuous and contains
plicative mass renormalization—survives to all orders in per-axial generators, which makes it unfortunate that these theo-
turbation theory when the fermions are coupled to gaugeies must be rejected on the grounds of doubling and non-
fields. A non-perturbativeproof of the axial Ward identities locality [18], respectively. Nevertheless, it is the analysis of
was given by Furman and Shanj®]. The suppression of these theories ifil5] that will guide us through our work on
symmetry-breaking terms requires that the length of the fifthtdomain wall fermions.
dimension be taken to infinity. Monte Carlo calculations on Domain wall fermions, like the Wilson fermions from
finite lattices[10], however, indicate a pattern of increasing which they are constructed, begin with no axial symmetry at
violation of chiral symmetry as the coupling is made stron-all. When the sizd. of the fifth dimension is taken to infin-
ger. This leads us to seek analytical knowledge of the behauvty, its low-lying modes become topological zero modes and
ior of domain wall fermions at strong coupling. turn into the chiral components of a massless Dirac fermion.
In this paper we develop a Hamiltonian formalism for Thus one may expect th&t®" will possess no axial symme-
domain wall fermions and analyze it in the limit of strong tries untilL— o, and then the desired axial symmetry will be
gauge coupling. Strong coupling analysis is natural in latticeestored. Surprisingly, we find that in the—o limit He
gauge theory and, indeed, was seen immediately as one bastoo muchsymmetry. The effective theory is that of an
the advantages of a non-perturbative cutoff procedig. antiferromagnet in a staggered magnetic field. In calculating
In the Hamiltonian version, strong-coupling analysis takeghe site-site couplings in the Hamiltonian, the Wilson term
the form of Rayleigh-Schitinger perturbation theory. It was quickly drops out and leaves us with the naive nearest-
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neighbor terms of the original Hamiltonian only. Thus the Space-time consists of a three-dimensional spatial lattice
site-site term inH®" is identical to that stemming from a with continuous time and a continuous fifth dimension speci-
naive fermion prescription, with all its doubling and acciden-fied by the coordinatse[0,L]. (For a reprise of free fermi-
tal symmetries[15]. The staggered magnetic field comesons in this formulation, see Appendix)AThe Hamiltonian is
from coupling the zero modes to the higher modes of the
fifth dimension. It is identical in form to the term generated H=Hg+Hg+H,+Hg+H,, (2.1
by a mass term in the naive theory. This means that whatever
the interpretation of the accidental symmetries of the nearestwith
neighbor theory, the symmetries that survive the magnetic
field term are not axial. This is confirmed by adding 1, )
Shamir’'s mass terrtb] as a perturbation, and seeing that it He= 59 ; Ek
gives a contribution td1®" of exactly the same form. Thus
our result is that in the strong-coupling limit, domain wall 1
fermions are massive and doubled. —

We note that the proof of Furman and Shaf@i (that He g2 ; cosBy 23
chiral symmetry is exact at finite gauge coup)idgpends on
isolating background gauge field configurations that induce (1—ivy)
zero modes in the fifth-dimension transfer matrix. This can Hy=>, f ds;p}:sﬂz (Tuxi Uyil s
be done when the four-dimensional Euclidean lattice is finite, x '
but the argument could well break down in the time- (1+iy)
continuum limit necessary for construction of the Hamil- A
tonian. 2

In Sec. Il we write out the(4+1)-dimensional Hamil-
tonian of domain wall fermions coupled to €3+1)- B . +
dimensional gauge field, following the commonly used for- H5_2X: f ds] ihys(—i a5ds) st (M —=3) oS fxs]
mulation of the corresponding Euclidean theory. For (2.5
simplicity we work with an Abelian theory with a single
flavor; we review the_ fre_e theory in Append|x A. We begin a . (14 L (1= )
perturbation expansion in strong coupling and are thusledto  H,,= mE szL,BT Yot szoﬂwaL .
solve the single-site problem, a massive fermion(ir-1) X
continuous dimensions on an intery@8IL ], in Sec. lll and in (2.6
Appendix B. The zero modes of this single-site problem,
which appear only foM >3, are the low-lying states that are
coupled by the three-dimensional hopping Hamiltonian. Do

ing second-order perturbatipn theory in.theeﬁlatter gi\_/es, irl:ouples equally to all fields at the same lattice siterre-
Sec. IV, the effective hopping Hamiltoniai™ governing ._spective ofs, and there is no fifth component of the gauge

the low-lying, coIorIes; degregs O.f freedom. We shqw Nield. H ., is Shamir's mass term which couples the layers at
Sec. V that the effective Hamiltonian possesses accidental_ ) . 4s=| As discussed in Appendix A, we have set

internal symmetries identical to those of one derived fromr:_l; as shown in Appendix B, we must choobe— 3

nmz\;i’s':ﬁ:{edséxg!ghbgﬁ ]tgm!gzz V;gh gﬁnézegoewsssféﬁ.'_ 0 in order to obtain surface modes in the fifth dimension.
n w 1ons, as w verap " When g?>1, we diagonalizeHg. The ground state is

ons Wh'Ch are eqUIvaI_ent to them in tHle._m _I|r_n|t, are highly degenerate, consisting of all states vt 0. Gauss’
massive and doubled in the strong coupling limit. We CON-| - restricts us to statdg) satisfying
firm in Sec. VI our identification of the mass term by show-
ing that Shamir's mass term generates a term of the same
form in perturbation theory. Finally, we present in Sec. VIl a
straightforward extension of our results to a theory with
more flavors, whence we find that the mass term generate‘%
indeed breaks all axial symmetries, including those that
should not be afflicted with anomalies. We close with some
comments in Sec. VIII, chief of which is the observation that J dS¢//IS¢XS| ¢)=0 (2.9
the symmetry properties #1°" are unchanged by promotion
of the gauge symmetry to a non-Abelian group. Thus OUkyr everyx. The degeneracy is lifted in zeroth order Hy,
result of the failure of domain wall fermions at strong cou-\ hich constitutes the single-site problem. Thep, which
pling is quite general, and calls for careful study of their creates and annihilates links of flux, gives a contribution in
phase structure at finite gauge coupling. second-order perturbation theory that is of ordey?1be-
cause of the energy denominator. We takeo be small
enough thaH,, comes next in perturbation theory. Finally,
We consider an Abelian gauge field coupled to latticeHg acts in second-order perturbation theory to give contri-
fermions defined via Shamir's domain wall prescription. butions of order ¢, which we will neglect entirely.

(2.2

UI_;,iwx;,s) 2.4

H, is the ordinary Wilson Hamiltonian for hopping on the
three-dimensional spatial lattice, whit; is a massive Dirac
‘Hamiltonian in the new fifth dimension. The gauge field

|¢)=0 2.7

(V-E)y— f SR

r all x, so the fermion states must satisfy

II. HAMILTONIAN
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IIl. SINGLE-SITE PROBLEM beU 00" |0)y, and the two-pair state

Hs is a sum of terms pertaining to single lattice sites:  blo. dlo, blo_dl_|0),. We denote these states |ag,. A
basis for the degenerate ground statedHegfHs is then
— 4 {7h) =T 7.
H5_§ Pl (3.) We now define a field operator that acts only on the zero
mode. It is convenient to use operators that create and anni-
In Appendix B, we find eigenmodes of the differential op- hilate particles localized near=0 ors=L only, since these
eratorh satisfying will be the chiral states. In view of E¢B2) and Eqs(B11)
and(B12), these are defined by a Bogoliubov transformation:

For each eigenvectar, with \>0, we have an eigenvector
vy=U_,=—1vysU, . (This is becauseysh+hys=0.) There
is also a spin index = = for each\. Dropping thex index,
we write an eigenfunction expansion ¢f:

B =i(b +dJo,)
Xo \/E X0 x00

DXOO’ \/—(bXOU' an) (31@
= F Uy o (S)F X, s)]. 3.3
Vs x;o,a Dnotno(8)F X0000(5)] 33 Then the field operator is
(The notation\>0 here includes\ =\, the zero mode in Byo+
the limit L—0.) The single-site Hamiltonian and the charge Byo_
operator take the form V= ot ) (3.1
X0+
th E t -\t D/
Y'hy= MO o™ o) Xl (34 X0—

IV. EFFECTIVE HOPPING HAMILTONIAN
Q=2 ylgs= 2 [ Xt i)l (35 .
s A>00 We now apply second-order degenerate perturbation

To obtain the ground state of the single-site Hamiltonian, Weheory inH, to define an effective hopping Hamiltonian via

must fill the Dirac sea. We do this by writing A HL DG IHL {71
. R =2 == o @
Xno ™ b)\O’ (36) 1 {n} J
- _ gt The energy denominator contaig&2 because of the electric
X)\O'_d)\(r . (37)

flux, added to any energy due to continuum fermions in the
Now intermediate state.
Let us focus on a term whereid, acts on|{7'}) by
o, + + raising the electric flux on the linki by a unit. TherH, has
¥ hz,b—}\;;g A(Bybrotdyodro—1) (38 {0 act on the intermediate stdie so as to lower the flux on
' the same link in order to give a fluxless state of the type
|{7n}). The numerator of this term in E¢4.1) is

(

(o [ asul; 8552
We can drop the 1's in these formulas: In the first case the 1
represents a constant energy shift, and in the second it is a (1—iy)
c-number charge density that can be defined away in Gauss’ X (] IJ ds’ wxs,,B it s {1,
law.

The ground state at each sites |0),, the state annihi- (4.2
lated by allbm andd,, .. Low-lying states are created by
b!,, andd], , creation operators for the zero mdgthese
states are degenerate wih), whenL—o. States with\
#0 are separated by the gap—3, and lie outside the de-
generate subspace. Thus there are six neutral degenerate 2 [Dyoston(S) + 0lo,v0,(S)]
states at each sité0), four single-pair states of the form

Q= > (bl by,—dl dy,+1). (3.9
A>0,0

where we have suppressed the gauge field matrix element,
which is unity. We isolate the zero mode in

+ 2 [bolye(S) +dh ,0ro(S)]
A>0,0

IHenceforth we use the notation=0 for the zero mode and
. 0) 1 (1) 4.3
>0 for the continuum abov# — 3. =i Xs 1 :
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and expand Eq4.2) to +
( ) f dSlﬂi(j_)l s §<2)
(ot [ dsu@L oy DT )8 =31 2+ uDliy
= A4S 0], b9+ (9]
(1 |7|)
« ds' (g0 41
<J|f e +iha VB3 ><ai[bxoa,uog,(s)+d§00,vog,(s)]. 4.9
X(lﬁ(xojl o1 ii)l 7' (4.4 Itis straightforward to evaluate

The states{#}) and |{%'}) contain no quanta with\
>0 atx or atx+1. Thus they ) fields at either site must
either be paired or be absent. This leaves us with three types
of term, with which we deal in turn.

f dSL%U(S)aiUOU’(S)zf dsv{,(S)ajvg,(s)=0

T _ T
dsy,(S)aivg,(S)= = 17,011,
A. Trivial term

Choosing all they® fields in Eq.(4.4) leaves no opera-
tors to change the zero-mode states. The term is therefore
zero unless{#n})=|{n"}). Moreover, the matrix elements Thus
have no dependence ¢’} except for possible sign factors
from Fermi statistics, which cancel upon multiplying the two f dSt//(O)T (0)
matrix elements. Thus this type of term gives a contribution x5
to He that is proportional to the unit operator, and uninter-
esting. = E 770 i Mo (bx+| ogdlog +dx+?,00bx0¢r’)

zf dSvga(S)aiuofr'(S)- (4.9

B. Site-site coupling =¥ v (4.10
§ .

Consider now the result of choosing all ti#é” fields in o
Eq. (4.4). Then the intermediate stag) differs from|{7})  and finally
and [{7'}) only in its gero-mode guanta. The energy de- .
nominator is exactly-g“/2 for all accessible staté§), and eff  _ +
the corresponding terms in EG.1) may be evaluated as a Huxi =" Zgijwa Wi Wi (41D
completeness sum. This is the site-site couplingifi, viz.,
The perturbation surt4.1) also contains a term whekg¢,

ds (0)1‘ l%) (0) lowers the flux on linkxi when creating the intermediate
Hy x+| Sii P xs state|j). The numerator i§cf. Eq. (4.2)]
O)1g '7') (0) d }Ifdst/f B )t!/ 1)
ds’ wxs’ ¢x+;,5r . (45) n PS X+1,8
, : , (1+iy) ,
The quantity (il f ds' vy o B——5 s lln'})-
f dsy ! By (4.6 (4.12
This gives

contains, according to Eq4.3), the integralsfdsu’Au,

fdsv'Bv, andfdsu’Buv. SinceB=p, is off diagonal in the 1

chiral basis, each of these consists entirely of cross-terms of Hifj; = —\IfTa \Ifxglllfxﬂ aiV,. (4.13

the form[see Eq(B2)] fdsf(s)g(s). This is the overlap of ' 29?

wk?g:ﬁ_n?slolgﬁgée&gt %gggrs;tleig gﬁzifhviilﬂti{ﬁl’d’fgé Dropping theg term (4.§e)ﬁme_ans that the WiIso_n term in

Thus the terms withouy; in Eq. (4.5) can be dropped. H, does not contrl_bute tel®". It is hence not surprising that
We are left with the result_ shown in Eq94.1]) an_d (4.13 is no different

from that in the naive nearest-neighbor thefit$|.

H)e(fi+;= - Zing ds:pfgr):rs ¢(0)f ds’ zﬂfg?f ~¢$);’S, . C. Fierz transformation
(4.7) Before completing our analysis of E@l.4), we execute a
Fierz transformatiofil5] on He™ in order to express its terms
The first factor is as products of single-site operators. We express

114511-4
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(a|)|1(a'|)kl_ 2 Sia (4.14

k]'

choosing all thd™? to be Hermitian(e.g.,i ;) and satisfying
TIrart=44,,. The coefficients are

S,a=%Tl’(ai)Fa(ai)Fa=il, (4.15

according to whethef'® commutes or anticommutes with
;.
I?(a;) =sja( ;) (4.19

Thus the Fierz transformation takes the form

Wl (i)W W (@)W

= ; Sia\PiTFﬁ\PI(_\PILTq}j’ + 6T

- s, virawwiray 4 gpty
a

(4.17

and the site-site part of the effective Hamiltonian is

HEf = 2 Z S W IT 2w «pxﬂraqfxﬂ (4.189

We have combmed—|xx+;

W which is a constant.

with Hx+| . and dropped the

D. Single-site term

We return to Eq(4.4 and examine the term containing
P andy'Y- . This term allows{ 7}) to differ from|{7'})

X+IS

only atx. The energy denominator will depend on the energy
of the intermediate. >0 state, and there is no completeness

sum. The contribution t&1¢™ is

({nHHE L)
(I+iy)
dsyMT (OIF
%Em ([ dsul g2 ui2l)
—iyi)
([ 6528 =, i,

(4.19

The intermediate state has a different zero-mode $igtat
site x and an additional continuum quantum in stiteo))

at sitex+1, and we write it as the product

=17l 7. 7 (N0 s - (4.20

The energy denominator is

PHYSICAL REVIEW D 61 114511

2

g
E{”}—Ej:_z_)\, (421)

and the rightmost matrix element is

f dSE [<7’|bXO(T
(1 i)

D (8)+H{ M dxoer| 7008, (9)]

XB ((\o )|dx+| IR (4.22

Using orthogonality relations derived in Appendix B, it is
easy to show that

L1 L1
f ds%u(s)zaiv)\o”(s):jdSUOa'(S)EaiU)\U’(S):o-

(4.23
Moreover,
.1
dSLb(rEBv)\O":O’ (424)
and the only non-zero matrix element is
+ 1
d&)ogzﬁv)\gr:_égg/z()\), (425)
where we define
L
I(N) = fo dsfy(s)gy(s). (4.26

The matrix element4.22) is thus that of the operator
—7Z(N)d,g,; treating the other matrix element in E@.19
in the same way, we get the adjoint, and hence

I()\)zde(r X0
—g22—\

H=3

Ao

(4.27

There is a corresponding term from the flux-lowering ma-
trix element(4.12. The counterpart to Eq4.19 is

A HT D))

(1=iy)
— (O)T ),
EE{,,} (o} [ dsu@8—""ui: Ji)
(1+iy
<(it [ a5 g1y, e

The rightmost matrix element is now

(1 |7|)

[ asS el ol

X[ 7 Bxos | 750 Uggr () +( ;7x|dxo,,-/ | 7)V007(S)].
(4.29
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Proceeding as before, we find that the only non-zero integral

IS

1
f dsu;rgz BUoy = 8yer Z(N), (4.30

which gives the matrix element of the operaff{i\)b,g,, -

PHYSICAL REVIEW D61 114511

Q3Q;,:=5aQ3Q: (5.4
which has the solution
Q;‘:H (5)9Q2. (5.5

The other matrix element gives the adjoint, and the result ishe commutation relations of the new charges are the same

I()\)ZbTOU'b Oc
Het) = 3 T 2x0rDx0r

4.3
o —g%2—\ @31

Since there is no dependence on the link directiowe

obtain a factor of 3; the backward Iinkx(—?,x) gives the
same result, giving another factor of 2 in the final result for

the single-site term. We note that

2 bIO(rbXOU+ dIOo’dXO(r: \I,)tﬁq"x_ 1, (432
and so the single-site effective Hamiltonian is
Hele= — G2 WiBYy, (433
with
Z(N\)?
G=6 . 4.3
Ex: N+g2/2 (439

We show in Appendix C that the summation in E4.34) is
convergent.

V. SYMMETRIES OF H¢ff

The fermion bilinears appearing i form aU(4) al-

gebra that acts on the Dirac indices ¥f. Identifying the

as those of the old ones, since
[Q%. Q=11 (sias)*[Q%. Q5]
:l_i[ (SiaSip) i f2PQS

=H (Sic) i F20Q¢ (5.6

=ifabeqQs, (5.7

Equation(5.6) is true because givea andb, the structure
factor f2°¢ is nonzero for at most one value of(i.e., the
commutator of"® andI'® is just a particulal™®), and for this
combination ofa,b,c we haves;;s;,=s;.. Now we can
write

1
Heﬁ:?; ; QiQi-ﬁ_GEX: (_1)X+Y+ZQ;T1.

generators of this algebra will permit analysis of the symmeit is clear that

tries of the effective theor{/15].
We define local charges by
Q=wlTraw, . (5.1)

Since the 16 matriceB? are a Hermitian basis for the(4)
algebra, so are th@?:

[Q5.QuI=if Q5. (5.2
The effective Hamiltonian can be expressed as
eff 1 Aara ~m
Hef=— > X s,Q0Q0,;-G2 QF. (53
92 XI a X

(5.9
Note thats;,,= —1 for all i.
Defining global charges according to
Q=2 Q% (5.9
[Q%Q")=if*"Q° (5.10
and
[Q*H =0, (5.11)

but H = — G=(—1)**Y"2Q™ breaks all charges except
for those that commute wit@™. This breaks the symmetry
group from U(4) to SU(2)XSU2)XU(1)gXU(1)y,
where the newJ (1), is generated b@™ and theSU(2)’s
are generated by th@? corresponding to the axial vectors
ot ys5y.

The neutral state$n) at each site can be classified as
follows. Begin with the drained stat®r)=d],, d!,_|0),,
which is the unique state with char@®= — 2. Since charge

We have define@f(“:\lflyo‘lfx, the generator appearing in is theU(1)g factor of theU(4), all thegenerators ofJ(4)
the single-site term iH®", soon to be identified as a mass commute with it, and hencfDr) is a singlet. From this we

term.

In order to get rid of thes;, sign factors in Eq(5.3), we

absorb them into new local charg@§ according to

form the neutral statel$j ) =¥ ¥ [|Dr), wherei j are Dirac
indices. Sinceb; transforms as a fundamentélof SU(4),
the stategij), which are the|») states, transform as the

114511-6
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antisymmetric producé of two quartets. Under th&U(2) is easiest to regar® as a spinor with 8l; components and
X SU(2)x U(1), subgroup left unbroken b the6is  to combine transformations of the Dirac and flavor indices

composed of the representations (6:8)%,2)°. This is ex- into a U(4N;) group. Retracing our derivations, one may

actly the structure of the naive, nearest-neighbor theory agerify that the effective Hamiltonian is unchanged in form; it

discussed if15], with an important exception: There an ex- 'S c_)n_l)_/ necessary to substitutd*'=I"*@\" for I'* in the
plicit Dirac mass term furnishes the single-s@" term in  definition of the charge® andQ, where)" are the genera-
He while here this term is inherent in the domain wall tors of the flavorU(Ny). Thus

formulation, even without a fermionic mass term.

1
eff— — arnar __ _ 1 \x+y+zAm
VI. SHAMIR MASS TERM H o ; ; Qx Qyi G; (—=1) Qx -

The final perturbation we consider is the mass tétg. (7.9

Acting among the low-energy statgsy}), it takes the form ] ] o . -
The single-site term is diagonal in flavor and conta@(3

©) 4 JO1 (1—ys) ) =\PI,8\PX as before. The same goes febﬁ]“. The single-site
otk B 2 XL and mass terms therefore bre&@U(4N;) to SU(2N;)

(6.1) X SU(2N¢) XU(1),,. Again, there is too much symmetry,

an indication of doubling; moreover, whatever symmetry is

The boundary conditiongA11) allow the replacemenj(1  broken by the mass term is already broken by the single site
+ y5)— 1. Expanding®), we have term. Each of these terms is flavor diagonal and breaks all
generators of the formys® A2, including the off-diagonal
generators that should be unaffected by anomalies.

(1+ys)
et [aprp 20

eff _ T T T
Hn= m; g {[byosUos(L) +dxos o, (L)] For completeness, we present the construction of the state
space in whichH®™ acts. The development follows closely
x,B[bxo(,,uo(,,(O)+di00,v00,(0)] that for the single-flavor case. Start with the drained state
. ; |Dry=11d!] d!l_|0),. This state has the)(1)g chargeQ
F [byogloe(0) + dxos0s(0)] =—2N; and is unique, and hence a singlet un8&i(4Ny).
To get back to the neutral states, we raise vmhaccording
X B[Byogr Uy (L) + AT vosr (L)} 6.2 9 e ) .
ALB0s oo (L) F by 000 (L]} 62 to |ij---)=(Ww - )|Dr), wherei,j are Dirac-flavor in-
Now we note thatsee Appendix B for notation dices and there areN of them.¥; transforms in the fun-
damental representation 8U(4N¢), and hence the neutral
fo(0) states transform in the antisymmetric representation whose
Uoo(0)=—v0,(O)=| |7, (6.3 Young diagram has one column oNg boxes.
( ) VIIl. DISCUSSION
Ups(L)=vg,(L)= o 6.4 ) )
0o(L)=vo,(L) go(L) g ©4 We have shown that an Abelian gauge theory with do-

main wall fermions breaks chiral symmetry explicitly in
andgo(L) = — fo(0)=Ag sinhxgL=+ko= M —3. Hence strong coupling, and moreover becomes invariant under the
same symmetry group as is a theory with naive, nearest-
eff _ _ t _ T neighbor fermions. Our conclusions are derived from con-
Him 2K0mg ; (B205Px00 = Bro0thoo) struction of the effective Hamiltonian in strong-coupling per-
turbation theory. A symmetry-breaking single-site term
_ _2K0mz ‘I’IB‘I’x- (6.5) appears that echoes that produ_ced by a Dira_c mass term in
X the naive theory or by a Shamir mass term in the domain
wall theory. We conclude with some speculations and direc-
Shamir's mass term leads to a termHi§" that is of the  tions for further work.
same form a$1.. It thus breaks no hitherto unbroken sym-
metry of the theory. This confirms our conclusion that the
domain wall formulation possesses no axial symmetry in the
strong coupling limit. The symmetries that do survive break- The interpretation of our result is not difficult. The gauge

ing are accidental symmetries of the nearest-neighbor theorjiteraction offers a mechanism for communication between
the would-be chiral modes that reside on opposite surfaces of

the five-dimensional space. As seen above, a chiral mode on

one site, residing ad=0, communicates with a continuum
One might wonder at this point whether the explicit mode on an adjoining site via the gauge field, and the con-

breaking of chiral symmetry is due in some mysterious waytinuum mode carries the interaction $3=L, whence it is

to the anomaly. To settle this point we extend the abovepassed to the other chiral mode, on the original site, by the

analysis toN;>1. This extension is straightforwafd5]. It =~ gauge field. This is the origin of the single-site term in the

A. Domain wall fermions

VIl. MORE FLAVORS
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effective Hamiltonian. Shamir's mass term, then, merelyunchanged from that given above. Thus the explicit breaking
adds contact between the surfaces to what is already thereof chiral symmetry is still there.

At present, the arguments in favor of exact chiral symme- The actual solution of the Hamiltonian, however, is con-
try in the domain wall theory are perturbati{®] or limited  siderably more complicated than in the Abelian case. The
to a finite Euclidean lattic¢9]. Numerical results indicate reason, of course, is the existence of color singlet baryons.
that it is quite possible that non-perturbative physics break&onsider constructing the space of single-site states. The
the symmetry at moderate couplings, with the result dependirained state ig§Dr)=11, (d5g". d5" |0),, wherec is the
ing on the ratio of the fifth dimension to the four- color index. Again, this is the unique state witt{1) charge
dimensional volume. Our results make more urgent the quegbaryon numbgrequal to—2N¢N, and hence is a singlet
tion of whether chiral symmetry is thus broken even in weakunder both DII’?.C-ﬂa\{OI’ and color. 'To return to the neutral
coupling. If it is, then one must demonstrate a way to take £€Ctor, apply¥'™" to this state (N, times. In order to make
continuum (and infinite-volume limit at weak coupling in this state a color singlet, the color indices on #é&s must
such a way that the symmetry breaking phenomena may b€ contracted to singlets. But this is like makiny2aryons
neglected. If it is not, then there must be a phase transition &Ut of 2N¢N¢ quarks(e.g., four nucleons out of 12 quayks
intermediate coupling. This phase transition would be an in@nd there are many color-singlet contraction schemes, each
teresting topic of research in its own right. giving a different flavor reprgse_ntatmn. The rgpresentathn of

the Q2" charges on each site is therefore highly reducible,
even before considering the breakingSif(4N;).

An additional feature, related to this difficulty, is the pos-

Despite the dire consequences for chiral symmetry, it issibility of considering states with non-zero baryon density. In
interesting to pursue the present model a bit further. On&iew of our results, domain wall fermions offer no advantage
may ask about the spectrum of this effective Hamiltonianover naive fermions for this problem, especially as the latter
following [15]. In the absence of the single site term and ofmay be made massless.

a mass perturbatiord *" represents a Heisenberg antiferro-

magnet with symmetry grouBU(4N;) and spins in the an- ACKNOWLEDGMENTS
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select the direction of th&l(1) by fixing its generator to be
Q™. The broken generators, then, will be all those whose  APPENDIX A: REPRISE OF FREE DOMAIN WALL

B. Spectrum

Dirac structure anticommutes witf®, including ys. The FERMIONS
Goldstone bosons will develop small masses, proportional to , )
m2 We review here the spectrum of free fermions on a

In the domain wall model, however, the symmetry- 3_-d|men5|_onal s_patlal _Iattlce_wnh continuous time and a con-
. . . tinuous fifth dimension with coordinate <Os<L. The
breaking mass-like term is not small. It breaks $16(4Ny) Hamiltonian is

symmetry immediately, and may invalidate the above pic-

ture, which is perturbative itH&". One must start with an H=H,+Hs, (A1)
antiferromagnet withSU(2N;) X SU(2N¢) XU (1) symme-

try, with spins in a reducible representation, and calculate théhereH, is the ordinary(masslessWilson Hamiltonian in
pattern of spontaneous symmetry breaking. As indicated 1 dimensions,

above, the unbroken symmetry of the Hamiltonian does not ;

include chiral symmetry. In the context of a nearest-neighbor H,= E S (—iaV)y— EIJITBVZI// , (A2)
theory perturbed by next-nearest-neighifor long-rangedl
interactions, these strange symmetries may be interpret
[15] as generalizations of the approximate, non-relativisti
SU(6) symmetry(for N;=3). The value of doing this here
is unclear.

eegnd Hs is the continuum Kinetic term in the 5th dimension
Swith a mass term:

He=2 [¢'(—iasds)y+My'Byl.  (A3)
C. Non-Abelian gauge fields

In one sense, the introduction of non-Abelian gauge fieldd N€ lattice derivatives are

changes almost nothing. One simple modification is that the

_1 . .
energy denominator contains, insteadjé®, the energy of a Vih= 3 (s = ) (Ad)
fundamental link of flux given byd?/2)Cg, whereCg is the
Casimir operator of the fundamental representation of the V2¢/=Zi (Best =20, (A5)

SU(N.) group. Apart from this, the effective Hamiltonian is

114511-8
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Under Fourier transformation,

Vig—isinpy=is;y (AB)
V2y——22, (1—cosp)). (A7)
1
We use the following Dirac matrices:
Yo=B=p1, V¥5=pP3
a=p30, y=Pa=—ip,o (A8)
as=iBys=p;.
H, takes the explicit form
(r+iy)
H4=§X: st _IIDISBEI TI X+1,s
(r—iv)
+T|¢xf?,s +3rlr//>1;s:8wxs . (A9)

Transforming to(3D) momentum space, we have

H=f d®pdsy’ a~s+r,[>’2_ (1—cosp;) —iagds+MpB|i.
(A10)
The boundary conditions is are
(1+ys)p(L)=(1~y5)(0)=0. (A11)
Writing
Y= X), (A12)
Y

wherey and » are 2-spinors, the equations diagonalizing the

quadratic form are
(s o)xtun—dsn=Ex (A13)
—(so)n+ux+dsx=En, (A14)
whereu=r3(1-cosp,)+M, with the boundary conditions
x(L)=7(0)=0.

We can work with helicity eigenstates according to

(A15)

(so)x=hx, (so)n=hn. (A16)

Now we solve fory,
= ! Al7
X‘ﬂ(ﬂ_as)ﬂ, (A17)

leaving us with

PHYSICAL REVIEW D 61 114511

(03=\?)7=0, (A18)
where \?=u?+h%2—E?. Assuming \?>0, the boundary
condition on# leaves us the solution

7(s)=Asinh\sy, (A19)

where 7, is the (normalized helicity eigenspinor. Then

A
x(s)= ﬂ(,u, sinhAs—\ coshAs) 7y, . (A20)

The boundary conditiory(L)=0 gives us the quantization
condition

A= tanhAL. (A21)

The quantization condition has a non-trivial solution Xor
only if ©>0. We choosa andM so that this solution will
exist only nearp=0 and not neap;= = . At the points
p;=0,= 7 we haveu=2nr+ M, wheren is the number of
nonzero components gf. Thus, if we choose=—1 and
0<M<2, the discrete mode gi=0 has no counterparts
(doublers at the zone faces.

There are also continuum solutions with<0, which are
similar to the single-site continuum modes discussed in the
next appendix.

APPENDIX B: THE SINGLE-SITE PROBLEM
The single-site eigenvalue equation is
hu=—iagdsu+ uBu=NAu, (B1)

where we have defined=M —3. There is no spin depen-
dence, so we write
( ?(8)77)
u=\| .
g(s)n

where 5 is any 2-spinor. Then we have the equations

(B2)

— 99+ pg=Af (B3)
af+uf=xg. (B4)

The boundary conditions
(1-v5)u(0)=0 (B5)
(1+ys)u(L)=0 (B6)

translate into

9(0)=0 (B7)
f(L)=0 (B8)

We solve Eq(B3) for f,

114511-9
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?=%(—0+M)§J, (B9)
and substitute into EqB4), giving
#*g—k?g=0 (B10)
wherex?= u?—\2.
1. k¥*>0

The solutions satisfying the boundary conditions are

f==Asinhk(s—L)==fy(s) (B11)

g=Asinhks=gq(s), (B12)

where the eigenvalue condition is satisfied ¥ ko,

Ko=p tanh kgL, (B13)
and thus
M
=+ \p=F——
M=o ~coshkol (B14

As L—, we havekg— u and\o— 0. Note that we require
pu=M —3>0 in order for this solution to exist. The normal-
ization constant wheh is large is

Ag=2+/ke L. (B15)
2. K*<0
Defining k=ik, we have
#’g+k?g=0 (B16)
wherek?=\2— u?. The solutions are
f=*Asink(s—L)==f,(s) (B17)
g=Asinks=g,(s), (B198)
with
k=pu tankL (B19)
and
. M
M= CoskL (820

PHYSICAL REVIEW D61 114511

There is a gap to this pseudo-continuum|>u=M —3.
When k> the solutions of Eq.(B19) approach (2
+1)#/L, so\ grows without bound as well. The normaliza-
tion constant is

1 —-1/2
L— =—sin 2kL) .

ok (B21)

.

The eigenvectors di are orthogonal and, in particular,

f dsy,v, g = f dsv) vy, =0. (B22)

Moreover, sincq ys,h} =0,

J dSLEUYSUm':f dsvd,¥s0)er =0,  (B23)
and thus

f dsuga(li%)vm’:fdsvgg(liYS)Um':o-
(B24)

This means, according to E(B2),

f dsfoszfdsgogxzo. (B25)

APPENDIX C: THE COEFFICIENT
OF THE SINGLE-SITE TERM

First we evaluate

L L
I()\)=f dsfo(s)gx(s)=AoAxf dssinhx(s—L)sinks.
0 0

(C1)

A straightforward calculation gives
OO = AA. -1 sin 2kL sinh 2«L sin 2kL 2
(M) =AoAyp 4(coshkL+coskL) — 2./uL €2

asL—oo (with k not too small, i.e.k>1/L). The coefficient
is thus

1 sif2kL

Apl P+ p2+g%2’

G=6f dkp(k) (C3

where p(k) is the density of solutions of the quantization
condition

k=pu tankL. (C4

114511-10
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To find p, we defineu=k/u and write Eq.(C4) as

PHYSICAL REVIEW D 61 114511

dn L 1 pu

K\==—————. C
tan *u=ulu—nmw (C5) e K2+ u? (€
and we differentiate, keeping always to the same branch ofne other factor in the integral is
the arctan,
4u2K?
_ —_ sin? 2kL=————, (C8
o0 pl | du mdn, (Co) (u2+k2)2
o) so the integral is convergent. In the largdimit, G=23/g°.
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